We propose a fast method of calculating the p-part of the class numbers in certain non-cyclotomic Zp-extensions of an imaginary quadratic field using elliptic units constructed by Siegel functions. We carried out practical calculations for p = 3 and determined λ-invariants of such Z3-extensions which were not known in our previous paper.
Introduction
Let K be an imaginary quadratic field and p an odd prime number which splits into two distinct primes p and p in K. We denote by K n = K(p n+1 ) the ray class field of K modulo p n+1 and K ∞ = ∞ n=0 K n . Then there exists a unique Z p -extension K ∞ of K in K ∞ . We denote by K n the nth layer of K ∞ over K.
In a previous paper [3] we studied the Iwasawa invariant λ(K ∞ /K) for p = 3, while µ(K ∞ /K) is known to be zero by [4, 7] . Our investigation was based on the calculation in K 2 . We were not able to handle K n (n 3) for lack of a fine algorithm. In the present paper we develop a new algorithm based on the structure of the group of elliptic units and calculate the 3-part of the class number h(K n ) of K n (1 n 5). We are now able to consider λ(K ∞ /K) by observing directly the growth of the 3-part of h(K n ).
We illustrate, for an odd prime number p, how to calculate the p-part of h(K n ). As usual, for a Galois extension L/F of algebraic number fields, we denote by G(L/F ) the Galois group of L over F and by N L/F the norm mapping of L over F . We begin by explaining how to construct K n explicitly. We assume that K is different from both Q( √ −1) and Q( √ −3). As in [3] , we are interested in K ∞ /K in which p is totally ramified. Therefore K ∩ K ∞ = K, where K means the Hilbert class field of K. Let a 1 , a 2 be rational numbers and τ a complex number with positive imaginary part. Then the Siegel function is defined to be
where q τ = e 2πiτ , q z = e 2πiz , z = a 1 τ + a 2 and i = √ −1. Then g(a 1 , a 2 )(τ ) is a modular function of some level and K n is generated by special values of g(a 1 , a 2 ). We refer [5, Chapter 2] for the various properties of the Siegel function.
Let ω 1 and ω 2 be elements of K with imaginary part Im(ω 1 /ω 2 ) > 0 such that
We know that f (τ ) is independent of r, s by [5, p. 
Let Γ be the Galois group G(K ∞ /K) and γ is topological generator of Γ. We put
Let E n be the unit group of K n . Then it is well known that the group index (E n : E n ) is finite [5, p. 323, Theorem 4.1]. We note that η n , η γ n , . . . , η
n form a free basis of E n . Let E n be the subgroup of E n such that E n /E n is the p-Sylow subgroup of E n /E n . Let p en be the exact power of p dividing the class number h(K n ) of K n . Then we have
by [5, p. 323, Theorem 4.1]. Our main purpose of this paper is to prove the following theorem.
Theorem 1.1. Let the notation and assumptions be as above. If e n − e n−1 = 1 for some integer n 1, then we have e n+1 − e n 1.
Owing to [2, Theorem 1], we may convert Theorem 1.1 into the following version. Corollary 1.2. If e n − e n−1 1 for some integer n 1, then we have e m − e m−1 1 for all integers m n.
As an application of Corollary 1.2, we show an efficient algorithm for calculating e n in the case e 1 − e 0 = 1 in § 3.
Proof of theorem
Preparatory to proving Theorem 1.1, we summarize as lemmas properties of E n , E n and E n which were defined in the previous section.
Proof. We write s = p n−1 − 1 and
with rational integers x i . We assume η ∈ E n−1 . Then η
Hence we have
which means x 0 − px r = x 0 . This shows x r = 0 and 
Proof. Since E n ∩ E n−1 = E n−1 by Lemma 2.1, we have (E n E n−1 : E n ) = (E n−1 : E n−1 ). Hence we have
Proof. Since E n /E n is a non-trivial p-group, there exists an element u in E n such that u ∈ E n , u γ−1 ∈ E n and u p ∈ E n . We put η = u p . Then η ∈ E p n and η
n because E n does not contain a non-trivial pth root of unity.
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Let H be a subgroup of E n and u, v elements of E n . From now on, we write u ≡ v (mod H) if uv −1 ∈ H. We put T = γ − 1 as usual.
Proof. Since
+p+pT fn(T ) n , from which we derive the desired equality.
Proof of Theorem 1. We assume e n −e n−1 = 1 and e n+1 −e n 2 and derive a contradiction. We write r = p n − p n−1 − 1. Let {ξ 1 , ξ 2 , . . . , ξ p n−1 −1 } be a free basis of E n−1 and put
Since {η n , η γ n , . . . , η
} is a free basis of E n and since N Kn/Kn−1 (η n ) = η n−1 , we have V n = E n−1 E n . We note
Since e n − e n−1 = 1, there exist v n ∈ V n , ε ∈ E n − V n and x i , y i ∈ {0, 1, . . . , p − 1} such that . . . ξ
. . . ξ
Hence we have y 0 = y 1 = . . . = y r−1 = 0 and y r = 0 by e n − e n−1 = 1. We may assume y r = 1.
Hence there exists an element ξ ∈ E n−1 with
We put
) by Lemma 2.3 and the assumption e n+1 −e n 2. Since η
This shows b 0 = b 1 = . . . = b r−1 = 0 and a r = b r = 0. Since b r is prime to p, we may assume a r = 1. Hence there exists an element ξ ∈ V n with
Moreover, we have (v
for some ξ ∈ E n by η
* ∈ V n and y, z 0 , . . . , z r ∈ {0, 1, . . . , p − 1} with
) by the assumption e n+1 − e n 2. Since
we have z 0 = z 1 = . . . = z r = 0. This contradicts the assumptions.
Algorithm for constructing E n
As we explain in the later section, we often meet the situation e 1 − e 0 = 1. In this case, we are able to develop an efficient algorithm for constructing E n . By Corollary 1.2 and (2.2), E n /E n is a cyclic group with order |E n /E n | p n . We assume |E n /E n | = p n and construct E n as follows.
Based on the cyclicity of E n /E n , there exist unique subgroups V n,k (0 k n) which satisfy
We write V k for V n,k . Let r = p n − 2 and
We explain how to construct v k+1 from v k . By an argument similar to the proof of Lemma 2.3, we may assume v p k+1 ∈ V k and v
k . Namely, we search for integers x ik , y ik and v k+1 ∈ E n satisfying
If v k+1 exists, then the following relations hold:
The first step is to find a ij ∈ Z which satisfy
This is straightforward because
Then A 0 = (a ij ) is the representation matrix of 1 − γ : V 0 −→ V 0 with respect to the basis {ε 0 , ε 1 , . . . , ε r−1 , v 0 }. It is easy to see that the rank of A 0 modulo p is r and dim Ker (A 0 : F r+1 p x → A 0 x ∈ F r+1 p ) = 1. Let x i0 ≡ r − i + 1 (mod p) (0 i r) with 0 x i0 p − 1 and put t x 0 = (x 00 , x 10 , . . . , x r0 ) ∈ Z r+1 . Then there exists t y 0 = (y 00 , y 10 , . . . , y r0 ) ∈ Z r+1 satisfying A 0 x 0 = py 0 . By the assumption e 1 − e 0 = 1, we see that |E n /E n | p and there exists v 1 ∈ E n which satisfies (3.1) and (3.2) for k = 0. It is straightforward to see that When we construct v k+1 from v k for k 1, we need some trials. We note the following property of the representation matrix A k of 1 − γ : V k −→ V k with respect to the basis {ε 0 , ε 1 , . . . , ε r−1 , v k }.
Lemma 3.1. For any k 1, the rank of A k modulo p is greater than r − 2.
Proof. The determinant of the (r − 1) × (r − 1) matrix obtained from the first r − 1 rows and r − 1 columns of A k is 1.
2 and we easily find t x k = (x 0k , x 1k , . . . , x rk ) ∈ Z r+1 with 0 x ik p − 1 (0 i r), x rk = 1 and t y k = (y 0k , y 1k , . . . , y rk ) ∈ Z r+1 which satisfy A k x k = py k . Starting with v 1 , we try to find v 2 , v 3 , . . . , v n . If v 1 , . . . , v k exist and v k+1 does not exist, then we have (E n : E n ) = p k . Note that A k+1 is constructed using the relations (3.3)-(3.5).
A naive method constructing V k+1 from V k needs p r trials. A sophisticated idea of Zassenhaus in [6, p. 66 ] reduces it to pr trials but usually requires an integral basis of K n . Our method does not need an integral basis and finds v k+1 within p trials.
Examples
We carry out practical calculations when p = 3 and try to apply our technique to determinethe Iwasawa λ-invariant λ(K ∞ /K). In the preceding paper [3] , we studied λ(K ∞ /K) for several imaginary quadratic fields K = Q( √ −m). We showed λ(K ∞ /K) = 0 for most of these K. Values of m for which we were not able to assert λ(K ∞ /K) = 0 are −2183, −4637, −6761, −7907 and −17 786. For these m, we calculate the 3-part 3
en of the ideal class number h(K n ) of K n .
The first step is the calculation of e 1 . This is easily done because the rank of E 1 is 2, and E 1 is constructed straightforwardly. We verified e 1 − e 0 = 1 for all above m. So we are able to calculate e n according to the technique in the previous section. We show the results in the following table, from which we see λ(K ∞ /K) = 0 for all those K using Theorem 1 in [2] . 
Miscellaneous techniques in calculations
We explain how we calculate special values of Siegel functions quickly and how we construct the cube root of an integer of K n . First we consider the expression of an integer of K n . When n = 1, a well-known method due to Pohst and Zassenhaus enables us to construct an integral basis of K n easily. When n = 2, we used a special techniques to construct an integral basis of K n in [3] . It seems very hard to get an integral basis when n 3. So we adopt another method. Let α be an integer of K n not contained in K n−1 . Then f n,α (X) = σ∈Emb(Kn,C) (X − α σ )
